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ABSTRACT
The gravitational properties of the neutrino is studied in the weak field approx-
imation. By imposing the hermiticity condition, CPT and CP invariance on the
energy-momentum tensor matrix element, we shown that the allowed gravitational
form factors for Dirac and Majorana neutrinos are very different. In a CPT and
CP invariant theory, the energy-momentum tensor for a Dirac neutrino of the same
specie is characterized by four gravitational form factors. As a result of CPT in-
variance, the energy-momentum tensor for a Majorana neutrino of the same specie
has five form factors. In a CP invariant theory, if the initial and final Majorana
neutrinos have the same (opposite) CP parity, then only tensor (pseudo-tensor)
type transition are allowed.
PACS numbers: 11.30.Er, 14.60.Gh
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1. Introduction
If a neutrino has mass, then the question of whether the neutrino is a Dirac
or Majorana type particle arise naturally. This is because the neutrino may be
its own anti-particle (Majorana particle). The difference between a Dirac and
Majorana neutrino is clearly exhibited in the neutral current interaction process
[1], observation of neutrinoless double beta decay, and in their electromagnetic
properties [2,3]. For example, a spin 1/2 Majorana neutrino can only have the
anapole moment form factor if CPT invariance holds. This result was generalized
to an arbitrary half integral spin Majorana fermion in Ref. [4], and an arbitrary
spin Majorana fermion in Ref. [5].
However, there are relatively few discussions on the gravitational properties
of a spin 1/2 fermion [6, 7]. In this paper, we extend their work by performing
a complete study of the gravitational properties of the neutrino. In section 2, we
present a general analysis of the energy-momentum tensor θαβ matrix element be-
tween two spin 1/2 neutrinos. Using the Dirac equation, the symmetric properties
of θαβ and the energy-momentum conservation condition, we arrive at the most
general expression for the gravitational form factors of the neutrino. By imposing
the hermiticity condition, CPT and CP invariance on the θαβ matrix element, we
obtained certain conditions on the gravitational form factors for the neutrino. We
summarize the results in section 3.
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2. Gravitational form factors of the neutrino
In this section we study the allowed form of the couplings for the energy-
momentum tensor θαβ matrix element between two neutrino states. We carry out
the analysis in the weak field approximation,
gαβ = ηαβ + κhαβ (2.1)
where ηαβ is the flat space-time metric, hαβ is the graviton field, and κ = 32piG.
In our paper we closely follow the notations used in Ref.[3].
A. General analysis
Consider the invariant amplitude for the process νi → νf + g, where νi and νj
are two Dirac neutrinos with masses mi and mj (mi > mf ) and g is the graviton
(virtual or real). The transition amplitude for this process is given by
< νf (pf )|θαβ |νi(pi) > = u(pf )(Γαβ)fiu(pi) (2.2)
where |νi > and < νf | are the initial and final neutrino states respectively, and
(Γαβ)fi is the dressed vertex function that characterizes the above invariant am-
plitude.
Lorentz invariance implies that the vertex function in general can have twenty-
four types of coupling: twelve tensor types and twelve pseudo-tensor types. The
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twelve possible tensor types of coupling have the following forms: ηαβ, qαqβ ,
{qP}αβ, {qγ}αβ, PαPβ , {Pγ}αβ, {σαµq
µqβ}αβ = {σqq}αβ, {σqP}αβ, {σqγ}αβ,
{σPP}αβ, {σPq}αβ and {σPγ}αβ, where we have suppressed the Lorentz indicies,
{}αβ denote symmetrization over the indices α and β, q = pf − pi, P = pf + pi
and σ = σαµ =
i
2
[γα, γµ]. The pseudo-tensor types of coupling are obtained by the
addition of a γ5 factor.
Using the Dirac equation, (γµp
µ−m)u = 0, one obtains identities which relate
the various types of coupling (like the Gordon decomposition relation), and hence
reduces the number of independent couplings. We collect these relations in the ap-
pendix. Thus, the energy-momentum matrix element between two Dirac neutrino
states may be written as
< νf (pf )|θαβ |νi(pi) >= u(pf )(Γαβ)fiu(pi)
= u(pf )
[
T1fiηαβ + T2fiqαqβ + T3fiPαPβ
+ T4fi{qP}αβ + T5fi{σqq}αβ + T6fi{σqP}αβ
+ P1fiγ5ηαβ + P2fiγ5qαqβ + P3fiγ5{qγ}αβ
+ P4fiγ5{Pγ}αβ + P5fiγ5{σqq}αβ + P6fiγ5{σqP}αβ
]
u(pi)
(2.3)
where T = T (q2, mi, mf ) and P = P (q
2, mi, mf ) are the tensor and pseudo-tensor
types form factors respectively.
Conservation of the energy-momentum tensor (qβθαβ = 0) implies the following
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relations among the form factors,
T1 + T2q
2 + δm2fiT4 = 0 (2.4)
δm2fiT3 + q
2T4 = 0 (2.5)
q2T5 + δm
2
fiT6 = 0 (2.6)
P1 + P2q
2 −MifP3 = 0 (2.7)
i(q2P5 + δm
2
fiP6)−MifP4 = 0 (2.8)
q2P3 + 2δm
2
fiP4 = 0 (2.9)
where Mif = mi + mf , and δm
2
fi = m
2
f − m
2
i . Lorentz invariance and energy-
momentum conservation imply that for q2 6= 0, the general form for the energy-
5
momentum martix element between two neutrinos states is given by
< νf (pf )|θαβ |νi(pi) >= u(pf )
[
T1fi(ηαβ −
1
δm2fi
{qP}αβ +
q2
(δm2fi)
2
PαPβ)
+T2fi
(
qαqβ −
q2
δm2fi
{qP}αβ +
q4
(δm2fi)
2
PαPβ
)
+T6fi
(
{σqP}αβ −
δm2fi
q2
{σqq}αβ
)
+P1fiγ5
(
ηαβ +
1
Mif
{qγ}αβ −
q2
2δm2fiMif
{Pγ}αβ +
i
2δm2fi
{σqq}αβ
)
+P2fiγ5
(
qαqβ +
q2
Mif
{qγ}αβ −
q4
2δm2fiMif
{Pγ}αβ +
iq2
2δm2fi
{σqq}αβ
)
+P6fiγ5
(
{σqP}αβ −
δm2fi
q2
{σqq}αβ
)]
u(pi)
(2.10)
For the same neutrino flavor mi = mf , the solutions for eq.(2.4) to eq.(2.9) are
T4 = T5 = 0, T2 = −
T1
q2
, P3 = 0, P2 = −
P1
q2
and P5 = −
2miP4
q2
.
Thus the energy-momentum matrix element is reduced to
< νf (p
′
i)|θαβ |νi(pi) > =u(p
′
i)
[
T1ii(ηαβ −
qαqβ
q2
) + T3iiPαPβ
+T6ii{σqP}αβ + P1iiγ5(ηαβ −
qαqβ
q2
)
+P4iiγ5{(γ −
γµq
µq
q2
)P}αβ + P6iiγ5{σqP}αβ
]
u(pi)
(2.11)
This result agrees with Ref. [6, 7] except the P4 term. In analogy to the electromag-
netic form factors, T6 is called the anomalous gravitational magnetic moment form
factor, P4 the gravitational anapole moment form factor, and P6 the gravitational
dipole moment form factor [6].
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B. Gravitational form factors of a Dirac neutrino
The energy-momentum tensor θαβ is proportional to pαpβ [8], where pα =
(ip0,p), whereas the hermiticity of the energy-momentum tensor operator is given
by, θ†αβ = ηαηβθαβ . The hermiticity condition implies
< νf (pf )|θαβ |νi(pi) >
† = ηαηβ< νi(pi)|θαβ |νf (pf ) > (2.12)
where ηα = (−1, 1, 1, 1). As a result of hermiticity, we have
γ0(Γαβ)
†
fiγ0 = ηαηβ(Γαβ)if . (2.13)
This implies the following relations among the gravitational form factors,
(T1, T2, T6, P1, P2, P6)
∗
fi = (T1, T2,−T6,−P1,−P2, P6)if (2.14)
and
(T1, T3, T6, P1, P4, P6)
∗
ii = (T1, T3,−T6,−P1, P4, P6)ii. (2.15)
For the off-diagonal case, νf 6= νi, hermiticity does not put any restriction on the
form factors. For the diagonal case, hermiticity requires that all the form factor
are real except for T6 and P1.
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Under the CPT transformation, θαβ
CPT
−→ θαβ and
CPT< νf (pf )|θαβ|νi(pi) >CPT = < νi(pi)|θαβ |νf (pf ) >. (2.16)
In terms of the Dirac spinor, the left-handed side of eq.(2.16) can be written as
CPT< νf (pf )|θαβ|νi(pi) >CPT = uCPT (−pi)(Γαβ)fiuCPT (−pf ) (2.17)
and uCPT (p) is the CPT conjugate of the spinor u(p),
uCPT (−p) = γ0V
−1
T (Cu
t(p))∗ (2.18)
where VT is the time-reversal matrix, t denotes the transpose operation, and Γαβ
is the vertex function describing the process νi → νf + g, where ν denotes the
anti-neutrino state.
Using Eq.(2.17) and the transformation properties of the gamma matrices un-
der the operators C and VT in Eq.(2.16), we obtain
CVT (Γαβ)fiV
−1
T C
−1 = −(Γαβ)if (2.19)
As a result of CPT invariance, we obtained the following relations among the form
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factors,
(T 1, T 2, T 6, P 1, P 2, P 6)fi = (−T1,−T2, T6,−P1,−P2, P6)if (2.20)
and
(T 1, T 3, T 6, P 1, P 4, P 6)ii = (−T1,−T3, T6,−P1, P4, P6)ii. (2.21)
Under the CP transformation, θαβ
CP
−→ ηαηβθαβ ,
CP< νf (pf )|θαβ |νi(pi) >CP = ηαηβ< νf (pf )|θαβ|νi(pi) >. (2.22)
The left-handed side of eq.(2.22) is given by
CP< νf (pf )|θαβ |νi(pi) >CP = uCP (−p
′
i)(Γ
′
αβ)fiuCP (−p
′
f ) (2.23)
where p′α = −ηαpα = (ip0,−p), Γ
′
denotes the dressed vertex function with q and
P replaced by q′ and P ′ and
uCP (−p
′) = γ0Cu
t(p). (2.24)
Inserting Eq. (2.23) and Eq. (2.24) into Eq. (2.22), we obtain
γ0C(Γ
′
αβ)
t
fiC
−1γ0 = −ηαηβ(Γαβ)fi. (2.25)
If CP invariance holds, we obtain the following relations among the form factors,
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(T 1, T 2, T 6, P 1, P 2, P 6)fi = (−T1,−T2, T6, P1, P2,−P6)fi (2.26)
and
(T 1, T 3, T 6, P 1, P 4, P 6)ii = (−T1,−T3, T6, P1, P4,−P6)ii. (2.27)
For the diagonal case, it follows from the CPT and CP invariance that P1ii =
P6ii = 0. That means in a CPT invariant theory, a Dirac neutrino cannot have the
form factors P1 and P6 if the interaction respects CP symmetry.
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C. Gravitational form factors of a Majorana neutrino
Under the CPT transformation a Majorana neutrino νM transforms as [9]
CPT |νM (p, s) >= ηsCPT |ν
M (p,−s) > (2.28)
where ηsCPT is a phase factor that depends on the spin of the particle, with
ηsCPT = −η
−s
CPT . Assuming CPT invariance for the energy-momentum tensor ma-
trix element, we have
CPT< ν
M
f (pf )|θαβ |ν
M
i (pi) >CPT = < ν
M
i (pi)|θαβ|ν
M
f (pf ) > (2.29)
For a Majorana neutrino, the left-hand side of Eq. (2.29) can be written as
CPT< ν
M
f (pf )|θαβ |ν
M
i (pi) >CPT = uPT (pf )(Γαβ)fiuPT (pi) (2.30)
where uPT (p) = γ0V
−1
T u
∗(p). This implies that
V −1T (Γ
t
αβ)fiVT = (Γαβ)if . (2.31)
Using the transformation properties of the gamma matrices under the operator VT
in Eq.(2.31), then as a result of CPT invariance, we obtain the following relations
among the form factors,
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(T1, T2, T6, P1, P2, P6)fi = (T1, T2, T6, P1, P2, P6)if (2.32)
and
(T1, T3, T6, P1, P4, P6)ii = (T1, T3, T6, P1,−P4, P6)ii. (2.33)
For the same neutrino species, CPT invariance implies that P4 = 0, that is a
Majorana neutrino cannot have the gravitational anapole moment form factor.
Under CP transformation, a Majorana neutrino transforms as
CP |νM (p, s) >= η∗CP |ν
M (−p, s) > (2.34)
where η∗CP is the CP parity of the Majorana neutrino with η
∗
CP = ±i. Assuming
CP invariance we have
CP< ν
M
f (pf )|θαβ |ν
M
i (pi) >CP = ηαηβ< ν
M
f (pf )|θαβ |ν
M
i (pi) >. (2.35)
The left-hand side of Eq. (2.35) can be written as
CP< ν
M
f (pf )|θαβ |ν
M
i (pi) >CP = uP (p
′
f )(Γ
′
αβ)fiuP (p
′
i) (2.36)
where uP (p
′) = γ0u(p). Using Eq.(2.35) and Eq.(2.36), we obtain
ηiηfγ0(Γ
′
αβ)fiγ0 = ηαηβ(Γαβ)fi (2.37)
where ηCP = iη. As a result of CP invariance, we obtain the following relations
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among the form factors,
ηiηf (T1, T2, T6, P1, P2, P6)fi = (T1, T2, T6,−P1,−P2,−P6)fi (2.38)
and
(T1, T3, T6, P1, P4, P6)ii = (T1, T3, T6,−P1,−P4,−P6)ii. (2.39)
We observe that the amplitude for the process νMi → ν
M
f + g depends on
the relative CP parity of the initial and final neutrino states. For instance, if
ηiηf = 1, a Majorana neutrino has a tensorial type of transition form factors,
while for ηiηf = −1, a Majorana neutrino has a pseudo-tensorial type of transition
form factors.
3. Summary
It is shown that the invariant amplitude for the process νi → νf + g is char-
acterized by six gravitational form factors (three tensor and three pseudo-tensor
types). The hermiticity condition requires that four of the form factors are real. As
a result of CPT and CP invariance, a Dirac neutrino of the same species has four
gravitational form factors. A Majorana neutrino has five form factors (no gravita-
tional anapole moment form factor) as a result of CPT invariance, which is agree
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with Ref. [7] result. In a CP invariant theory, if the initial and final Majorana
neutrinos have the same (opposite) CP parity, then only tensor (pseudo-tensor)
type transition are allowed. For the same neutrino species, the energy-momentum
matrix element for a Majorana neutrino is characterized by tensor couplings only
[7].
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Appendix
In this appendix we present the identities among the various types of coupling
that were employed in our calculation.
Tensor type couplings
uf{σqq}ui = iuf{qP −Mifqγ}ui (A.1)
uf{σqP}ui = iuf{PP −MifPγ}ui (A.2)
uf{σqγ}ui = iuf ({qγ} − 2δmfiηαβ)ui (A.3)
uf{σPP}ui = iuf{qP − δmfiPγ}ui (A.4)
uf{σPq}ui = iuf (qq − {δmfiqγ})ui (A.5)
uf{σPγ} = iuf ({Pγ} − 2Mifηαβ)ui (A.6)
Pesudo-tensor type couplings
ufγ5{σqq}ui = iufγ5{Pq + δmfiqγ}ui (A.7)
ufγ5{σqP}ui = iufγ5{PP + δmfiPγ}ui (A.8)
ufγ5{σqγ}ui = iufγ5({qγ}+ 2Mifηαβ)ui (A.9)
15
ufγ5{σPP}ui = iufγ5{qP +MifPγ}ui (A.10)
ufγ5{σPq}ui = iufγ5(qq + {Mifqγ})ui (A.11)
ufγ5{σPγ} = iufγ5({Pγ}+ 2δmfiηαβ)ui (A.12).
where δmfi = mf −mi and Mif = mi +mf .
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